Abstract. Two model two-dimensional singularly perturbed convection-diffusion problems are considered whose solutions may have characteristic boundary and interior layers. They are solved numerically by the streamline-diffusion finite element method using piecewise linear or bilinear elements. We investigate how accurate the computed solution is in characteristic-layer regions if anisotropic layer-adapted meshes are used. It is shown that the streamline-diffusion formulation may, in the maximum norm, imply only first-order accuracy in characteristic-layer regions. Numerical experiments are presented that support our theoretical predictions.
1. Introduction. The aim of this paper is to contribute to a better understanding of the streamline-diffusion finite element method (SDFEM). This well-known stabilized method was introduced by Hughes and Brooks [4] -see also [14, III.3.2 .1]-for the numerical solution of convection-dominated convection-diffusion problems. Although the SDFEM does not always satisfy the discrete maximum principle, it does combine good stability properties with high accuracy in subdomains that exclude boundary and interior layers. The accuracy of this method in regions away from layers, including its pointwise accuracy, has been extensively studied. Roughly speaking, if piecewise linear or bilinear elements are used, the order of pointwise convergence is between 3/2 and 2 in subdomains where the solution is smooth [6, 11, 17, 18] ; for an overview see also [14, p.248] . In layer regions the SDFEM fails to compute accurate solutions unless special meshes are used. Thus, if anisotropic layer-adapted meshes are used, it is of great interest to determine how accurate, in the pointwise sense, the computed solution is in layer regions. For outflow boundary layers this was addressed in [9] . In this paper we shall focus on characteristic layers, which are much more important for applications. A preliminary investigation for the case of characteristic boundary layers was presented in [7] . A proof was outlined there that the streamlinediffusion formulation may, in the maximum norm, imply only first-order accuracy in characteristic-boundary-layer regions. In this paper we present a full analysis and extend it to the case of interior layers.
We shall consider the linear two-dimensional convection-diffusion problem
where ε is a small positive parameter: 0 < ε 1. The solution of this problem typically exhibits layers. In this paper we shall only focus on characteristic boundary and interior layers.
To describe the SDFEM, we introduce a triangulation T of Ω, whose arbitrary element T can be a triangle or a rectangle. Clearly, the solution u ∈ H 2 (Ω) of (1.1) satisfies
Here the parameter δ T is constant in each T . The notation (·, ·) T and (·, ·) is used for the inner products in L 2 (T ) and L 2 (Ω) respectively. Note that if we omit the sum term, which equals zero, we get a standard weak formulation of problem (1.1).
Let V N ⊂ H 1 (Ω) be a finite element space that consists of continuous piecewise linear or bilinear functions:
The SDFEM for problem (1.1) is defined as follows: Find u N ∈ V N that satisfies the Dirichlet boundary condition u N = g at the boundary nodes of the mesh and such that
Remark 1.1. Note that linear and bilinear elements imply that in the interior of each T we have −ε u N = 0 and
The choice of the streamline-diffusion parameter δ T is crucial. The standard choice is [14, p.233] 
with some constants δ 0 > 0 and δ 1 ≥ 0. Here h T is the diameter of T . A more sophisticated choice [2] is to replace h T with the streamline diameter h b,T that is the length of the longest segment parallel to b contained in T .
In this paper we shall consider only the standard choice (1.4) and show that the SDFEM is only first-order accurate in characteristic-layer regions. Our preliminary presentation [7] gave rise to the recent investigation [8] by Linß into an alternative choice of the SDFEM sabilization parameter, which was followed by [13] . In [8] and [13] the alternative choice δ = O(N −2 ln 2 N ) was proposed for layer-adapted meshes in characteristic boundary-layer regions.
For simplicity, we shall restrict ourselves to equation (1.2) in certain rectangular and unbounded domains. We shall consider streamline-oriented rectangular tensorproduct meshes that are uniform in the x-direction with the x-direction-meshsize N −1
x , but may be anisotropic in the y-direction with y-direction-meshsizes that are bounded by CN
−1
x , where C denotes a generic positive constant that is independent of ε and any mesh used. Our analysis holds for bilinear elements on such rectangular meshes, and also for linear elements on the meshes obtained by, e.g., dissecting each rectangle of such rectangular meshes into two triangles. Furthermore, we assume that
which is not a restriction in practical situations. These assumptions, combined with (1.4), imply that
is constant in the whole domainΩ. Note that one popular choice is δ 0 = 0.5 [4, 2] . Now, the SDFEM (1.3) for equation (1.2) may be interpreted as follows:
• Start with the original equation (1.2):
• Multiply it by δ and differentiate in the streamline direction:
• Subtract:
• Omit the term εδ( u) x -see Remark 1.1-to get the Stabilized StreamlineDiffusion Equation:
Since it is a new equation, its solution is denoted U .
• Apply the standard Galerkin FEM to the Stabilized Equation (1.5) to get (1.3).
In short, we have the following Interpretation of the SDFEM:
Step 1. Switch from the original equation (1.2) to the Stabilized Equation (1.5) by omitting the term εδ( u) x .
Step 2. Apply the standard Galerkin FEM to the Stabilized Equation (1.5) .
We expect Step 2 to be high-order accurate on properly chosen meshes. We shall focus on the accuracy of Step 1 and prove that
•
Step 1 is only O(δ)-accurate in characteristic-layer regions.
To understand this, note that we omitted the term εδ( u) x = εδu xxx + εδu xyy , and one expects that [16, 10] 
We shall study the accuracy of Step 1 for two simple model problems whose solutions exhibit characteristic boundary layers-see Section 2; and characteristic interior layer-see Section 3.
Furthermore, for the computed solution u N of the SDFEM we expect that the error
Numerical experiments will be presented to confirm this theoretical prediction. Notation. Throughout the paper, C, sometimes subscripted, denotes a generic positive constant that is independent of ε and any mesh used. We use the notation F Ω for the usual maximum norm of any function F in a specified regionΩ, and we write F when the maximum is taken over the domain of F .
Characteristic boundary layers.
2.1. A convection-diffusion problem in a semi-infinite strip. To focus on characteristic boundary layers, in this Section we shall consider the simple model problem whose solution has no outflow boundary layers or corner singularities:
Find a bounded function u(x, y) such that
where f (x, y) = ϕ (x), while Ω is the semi-infinite strip:
We shall also consider the equation Lu = f in finite subdomains Ω α of Ω:
In (2.1) we assume that f (x, y) = ϕ (x), where ϕ(x) is a smooth function that satisfies
Assumptions (2.2a) are certain compatibility conditions that simplify the asymptotic expansion representation of the solution (see Lemma 2.4) while assumption (2.2b) ensures that the problem has a bounded solution.
Lemma 2.1 (Comparison Principle). Suppose that 0 < α ≤ ∞, and bounded functions v(x, y) and B(x, y)
Proof. This Lemma follows from the maximum principle applied to the functions B(x, y) ± v(x, y) [12] .
Here in the case of the unbounded domain Ω ∞ we used the Phragmèn-Lindelöf maximum principle [12, p.99, Corollary] with, e.g., w(x, y) = e x/ε , which grows faster than any bounded function. along the characteristic parts of the boundary y = 0 and y = 1. This follows, e.g., from a first-order asymptotic expansion of u in the small parameter ε that we shall consider now. First, we introduce the solutions z 0 (x, Y ) and z 1 (x, Y ) of the heat equations in the quarter plane
that satisfy the initial conditions
and the boundary conditions
Under conditions (2.2), the solution u(x, y) of problem (2.1) has the representation
where
for the residual R we have
while z 0 (x, Y ) and z 1 (x, Y ) are the solutions of problems (2.4) . Remark 2.3 . The boundary-layer terms z 0 and z 1 of our asymptotic expansion have the following integral representations [15, Theorem 3.7] :
Note that here w(x, Y ) is the solution of the problem
Proof. Lemma 2.4 is a simplified version of the asymptotic expansion for a convection-diffusion problem in a rectangle given in [15] ; see also [5] . Unlike [15] , our asymptotic expansion has no outflow-boundary-layer terms and, by (2.2a), no elliptic-boundary-layer terms. However, since our domain is unbounded, we shall sketch the proof.
A careful inspection of the proof of [15, Theorem 3.8] shows that
Combining this with
we get |LR| ≤ C in Ω 4 . Now, combining (2.8) with (2.4b,c) and (2.3), one has |R| ≤ C on ∂Ω ∩ ∂Ω 4 and |R(4, y)| ≤ ε −2 C. Applying Corollary 2.3 with α = 2, we obtain (2.6) and complete the proof.
2.2. Streamline-diffusion error. Now we shall compare the bounded solution of the stabilized streamline-diffusion problem
where L sd is from (1.5), with the solution u(x, y) of our original problem (2.1).
Theorem 2.5. Let u(x, y) be the bounded solution of (2.1), (2.2) and U (x, y) be the bounded solution of (2.9) . Then
and w is given by (2.7), while
Proof. It suffices to prove this with u(x, y) replaced by its asymptotic expansion u as = u − ε 2 R from Lemma 2.4. Note that Lu as = f − ε 2 LR implies that
Recalling (2.5) and that f (x, y) = ϕ (x), we obtain
One can easily check that (2.7a) yields
Hence, for R defined by (2.10) we have
Combining this with (2.6),(2.8), we get in regions away from the layers. In the layer regions since W (x, y) is not small, δW (x, y) is the principal part of the error:
Here the right-hand side is of order δ = δ 0 N −1
x . Thus, the switch from the original equation (2.1) to the stabilized streamline-diffusion equation (2.9) is only first-order accurate in characteristic-boundary-layer regions. Hence, for the SDFEM computed solution u N we expect the similar estimate
in the boundary-layer regions. 
Numerical results.
To check our theoretical prediction (2.13), we study the performance of the SDFEM when applied to problem (2.1) in which
Note that, by Lemma 2.4, we have u(x, y) ≈ u as (x, y) for x ≤ 1. Hence, we shall use u as instead of u to compute errors. Unlike (2.1), in our computations we switch from the semi-infinite strip Ω ∞ to its subdomain Ω 1 imposing the Dirichlet outflow boundary conditions
so that the solution has no outflow boundary layer.
This problem was solved numerically by the SDFEM (1.3) using bilinear elements on a rectangular piecewise-uniform Shishkin mesh [3, 10, 16] . We used the mesh ω x × ω y that is the tensor-product of the uniform mesh ω x = {x i = i/N x , i = 0, . . . , N x } and the piecewise-uniform mesh ω y = {y j , j = 0, . . . , N y } constructed dividing each of the subintervals [0, τ ], [τ, 1 − τ ], and [1 − τ, 1] into N y /3 equal subintervals. Thus, the domainΩ 1 is dissected by the transition lines y = τ and y = 1 − τ into three parts, and the restriction of our mesh to each of them is a rectangular uniform mesh. In our computations we used
Shishkin meshes usually provide ε-uniform accuracy of order N
where p is the order of convergence in domains away from layers [3, 10, 16] . Since the SDFEM may be interpreted as the standard Galerkin FEM using streamline-oriented bilinear elements applied to equation (1.5), for Step 2 we expect p = 2. Hence, we expect the principal part of the SDFEM error to be as in (2. In Table 2 . analogue for e N − δW . Note that the errors are very similar for ε = 10 −6 and ε = 10 −8 . Furthermore, the rates of convergence for e N are very close to one, while the values e N − δW are much smaller than e N . Finally, when we switch from δ = 0.5N
x , all the errors e N are approximately doubled. Dissecting each rectangle of the rectangular Shishkin meshes used into two triangles and switching to linear elements, we obtained very similar numerical results; see Table 2 .2.
In summary, our numerical results are fully consistent with our theoretical prediction (2.13). 3. Interior characteristic layers.
3.1. Problem with discontinuous inflow boundary condition. To focus on characteristic interior layers, in this Section we shall consider the simple model problem in the half plane with discontinuous inflow boundary condition:
Due to the symmetry, u(x, −y) = u(x, y) and u(x, 0) = 0. Hence, for y > 0 the solution u(x, y) solves the problem in the quarter plane:
Remark 3.1. The solution of problem (3.2) in the quarter plane has a layer along the boundary y = 0 and a corner singularity at the inflow corner (0, 0). We shall ignore the corner singularity. Similarly to Section 2, we expect the stabilized streamlinediffusion equation be only first-order accurate in the boundary-layer region. Hence, the solution of problem (3.1) in the half plane has an interior layer along the characteristic y = 0 and a corner singularity at (0, 0), and we expect the stabilized streamlinediffusion equation be only first-order accurate in the interior-layer region.
Lemma 3.1. The solution of problem (3.1) has the representation
where 
see the proof of [15, Theorem 3.5] . Furthermore, elementary calculations show that
This implies the desired integral representation of u(x, y).
Since we ignore the corner singularity, we are interested in the case of x ≥ εC:
Remark 3.2. Here and throughout this Section
Proof. Changing from the variable s to the variable τ := s/ √ X in (3.3), we get
Hence,
Combining this with (3.4) and (3.5), we get
Now, evaluating the two integrals with respect to τ yields the desired representation and completes the proof.
Streamline-diffusion error.
We introduce the stabilized streamline-diffusion problem in the half-plane 
Proof. Introducing the stretched variables X ,Ȳ := x/δ 0 , y/ √ εδ 0 , one can easily check that U (x, y) = V (X,Ȳ ); see the proof of Lemma 3.1. Combining this with Lemma 3.2, we complete the proof. Theorem 3.5. Let u(x, y) be the bounded solution of (3.1) and U (x, y) be the bounded solution of (3.6) . If
Proof. This follows immediately from Lemma 3.4 combined with Corollary 3.3.
x . Hence, for the case of x > C and |y| ≤ C √ ε, i.e., in the interior-layer region away from the corner singularity, Theorem 3.5 yields
x . Thus, the switch from the original equation (3.1) to the stabilized streamline-diffusion equation (3.6) is only first-order accurate in characteristic-interior-layer regions. Hence, for the SDFEM computed solution u N we expect the similar estimate
in the interior-layer region away from the corner singularity.
Numerical results.
To check our theoretical prediction (3.7), we study the performance of the SDFEM when applied to problem (3.1). In our computations we switch from the half-plane to its subdomain Ω = (0, 1) × (−1, 1) imposing the Dirichlet boundary conditions u N (x, y) = u(x, y) for (x, y) ∈ ∂Ω so that the solution has no boundary layers; see the left-hand picture in y = τ into three parts, and the restriction of our mesh to each of them is a rectangular uniform mesh. In our computations we used
Similarly to Subsection 2.3, we expect the principal part of the SDFEM error to be as in (3.7). Prediction (3.7) uses W (x, y) from Theorem 3.5; see the right-hand picture in In Table 3 . In summary, our numerical results are quite consistent with our theoretical prediction (3.7).
